A new family of 2D discrete-time quantum walks (DTQWs) is presented and shown to coincide, in the continuous limit, with the Dirac dynamics of a spin 1/2 fermion coupled to a constant and homogeneous magnetic field. Landau levels are constructed, not only in the continuous limit, but also for the DTQWs i.e. for finite non-vanishing values of the time-and position-steps. All results are supported by numerical simulations. The possibility of quantum simulation of condensed matter systems by DTQWs is also discussed.
I. INTRODUCTION
DTQWs were first introduced by R. Feynman [1] as path discretizations for Dirac fermions and were later re-introduced as 'quantum random walks' by Y. Aharonov [2] and D. A. Meyer [3] . They have been realized experimentally with a wide range of physical objects and setups [4] [5] [6] [7] [8] [9] [10] and are studied in a large variety of contexts, ranging from fundamental quantum physics [10, 11] to quantum algorithmics [12, 13] , solid state physics [14] [15] [16] [17] and biophysics [18, 19] .
It has been shown recently [20] [21] [22] that several families of 1D DTQWs could be interpreted as discrete models of spin 1/2 Dirac fermions coupled to electric and relativistic gravitational fields. The aim of this article is to extend these results to magnetic fields. We thus introduce a new family of 2D DTQWs and show that the formal continuous limit of this family coincides with the Dirac dynamics of a spin 1/2 fermion coupled to a constant and homogeneous magnetic field orthogonal to the 2D space in which the walk propagates.
The energy-eigenstates of this continuous dynamics are well-known and are called the relativistic Landau levels. We show by a perturbative computation that Landau levels also exist for the discrete dynamics of the DTQWs and discuss how the corresponding energies and probability densities are influenced by the finite non-vanishing time-and position-step. All results are finally supported by numerical simulations. The results pesented in this article strongly support that DTQWs can be used for quantum simulation of condensed matter systems.
II. FUNDAMENTALS
Consider the DTQW defined by the following set of discrete evolution equations:
where
ν, B, m are arbitrary parameters and p, q are integers wich label positions in 2D discrete space. The wave function Ψ lives in a two-dimensional Hilbert space and is thus represented by a 'spinor' Ψ with components
Of the three angles entering the definitions of U and V, only one depends on the point at which the transport is computed, and only through the first space-coordinate p. The parameters B and m will eventually be interpreted as a magnetic field and as a mass. The interpretation of the parameter ν will be discussed below.
The evolution from 'time' j to 'time' j +1 proceeds in two steps. In the first step, the DTQW is transported by operator U from 'time' j to 'time' j + 1/2 along the first space direction (p-direction). In the second step, the DTQW is transported by operator V from 'time' j + 1/2 to 'time' j + 1 along the other space direction (q-direction). Note however that the values of Ψ at 'times' j + 1/2, j ∈ N are not taken into account in the DTQW i.e. the DTQW is the succession of the values taken by Ψ at all integer 'times' j. The values of Ψ at half integer times are thus merely a tool to advance the DTQW in 'time'. Equations relating directly Ψ j+1 to Ψ j can be deduced from (1) and read:
III. CONTINUOUS LIMIT
To determine the formal continuous limit of this DTQW, we proceed as in [20] [21] [22] [23] . We first introduce (dimensionless) time and space steps ∆T , ∆X, ∆Y and interpret Ψ j,p,q and α p as the value Ψ(M ) and α(M ) taken by certain functions Ψ and α at point M with (dimensionless) space-time coordinates T j = j ∆T , X p = p ∆X, Y q = q ∆Y . Since DTQWs are essentially discrete waves it makes sense to choose ∆T = ∆X = ∆Y (cubic lattice in space-time) [21, 22] and denote by the common value of all three space-time steps. Equations (5) then transcribe into:
We then let tend to zero. The differential equations fixing the dynamics of the formal continuous limit are determined by expanding (6) around = 0 and balancing the zeroth-and first-order terms in . The zeroth-order terms only balance if V(ν)U(ν) → 1 when → 0. This condition implies that ν has to tend to zero with . The most interesting scaling turns out to be ν = and the first-order terms then deliver the following differential equations for (ψ L , ψ R ):
This system can be written in the simple so-called manifestly covariant form:
where the matrices (8) is the Dirac equation describing the dynamics of a spin 1/2 fermion of mass m coupled to this magnetic field in (2 + 1) dimensional space-time [24] [25] [26] [27] [28] .
IV. LANDAU LEVELS A. Hamiltonian of the DTQW
The energy-eigenstates of the continuous limit dynamics (8) are the well-known relativistic or Dirac Landau levels. We will now determine the energy-eigenstates of the original DTQW for small but finite values of the time-and space-step .
To be definite, we suppose that space is infinite in both directions and introduce a discrete Fourier transform in the q-(i.e. Y -) direction. We thus write, for all functions f defined on space-time:
and the inversion relation reads
We recall that Y q = q , q ∈ Z and the associated wave-vector K is thus a continuous real variable which takes all values in the interval [−π/ , π/ ]. As tends to zero, the discrete transform goes into the standard continuous Fourier transform. Assuming analyticity and considering directly the scaling ν = , the exact discrete dynamics of the DTQW reads in Fourier space:
[
and
with (a, b) ∈ {L, R} 2 . Equation (12) defines the operator Q( , B, m). H( , B, m) generates the dynamics (12), then H( , B, m) )Ψ (Tj ,Xp,K) .
If a Hamiltonian
The existence of the formal continuous limit presented in the preceding section is traced by the fact that, for all values of B and m, the operator Q( , B, m) tends to unity as tends to zero. Thus, the logarithm of Q( , B, m) is defined, at least for small enough values of . A solution to (16) is therefore
with 
In this new basis, we find
where (u, v) ∈ {−, +} 2 .
B. Energy-eigenstates
The zeroth-order Hamiltonian H (0) (B, m) is the Hamiltonian of the Dirac equation (8) . Its eigenvalues are the so-called relativistic Landau levels, recalled in Appendix A. These eigenvalues E (0) l and the corresponding non degenerate eigenstates Φ (0) l (X, K) are indexed by a label l = 0 or (λ, n), where λ = ± and n ∈ N * . The eigenvalues and eigenstates of the full Hamiltonian H( , B, m) can be obtained from those of H (0) (B, m) by using perturbation theory. Appendix B presents the computation at first order in . It is found that the first-order corrections to the energy levels identically vanish. However, the first-order corrections to the eigenfunctions do not vanish. The probability density of the energy eigenstates of the DTQW is thus different from the probability density of the relativistic Landau levels corresponding to the continuous Dirac dynamics. Typical results are presented in Figure 1 . 
Figure 1. Absolute differences between the probability densities associated to the Landau levels of the DTQW, computed at first order in the time and position step, and those associated to the standard relativistic Landau levels. All curves correspond to ∆X = 0.25, K = 0, λn = +, B = 1, m = 1.
All displayed profiles correspond to the Fourier mode K = 0 and are thus symmetric with respect to X = 0. Giving a finite value increases (resp. decreases) the central density for levels corresponding to even (resp. uneven) values of n, the only exception being the fundamental n = 0, for which the central density decreases. An n-dependent number of maxima and minima also occur on either side of X = 0.
The validity of the analytical perturbative computation of the Landau levels for the DTQW can be supported by numerical simulations. A priori, the Hamiltonian H (r) ( , B, m) = r k=0 k H (k) (B, m) describes the dynamics of the DTQW, not at order r, but at order r + 1 in . This is so because the Dirac equation (8) and the corresponding Hamiltonian (20) are obtained from the exact equations defining the DTQW by a Taylor expansion at first order in , and thus describe the dynamics of the DTQW, not at zeroth order, but at first order in (at zeroth order in , the DTQW leaves the state unchanged, see above Section III). Let now E l (X, K) which can be approximated, at order r + 1 in , byW
where · stands for the L 2 norm of a position (X-)dependent function Ψ defined on the lattice: 
V. DISCUSSION
We have constructed a family of 2D DTQWs which admits as continuous limit the standard Dirac dynamics of a relativistic spin 1/2 fermion coupled to a constant and uniform magnetic field. We have then shown pertubatively that Landau levels exist for this family, not only in the continuous limit, but also for finite non-vanishing values of the time-and position-step, and we have supported these conclusions by numerical simulations.
Let us now discuss the results presented in this article. The family of 2D DTQWs considered in this work lives in a two-dimensional Hilbert space i.e. the wave function of the walk has two components. This is consistent with standard spinor theory, because irreducible representations of the Clifford algebra in (2 + 1) dimensional space-times are indeed two-component spinors. To explore the full 2D lattice, each walk in the family alternates between time-steps in which it propagates in the X-direction and time-steps in which it propagates in the Y -direction. There is of course an alternate construction of 2D DTQWs based on fourcomponent wave functions. The connection of these alternate walks to relativistic wave equations certainly deserves exploring.
The conclusions presented in this article are an extension of previous results which show that several families of 1D DTQWs can be interpreted as Dirac spin 1/2 fermions coupled to arbitrary non constant and non homogeneous electric and gravitational fields. Preliminary computations show that the family considered in this article can be extended into a larger family where the 2D quantum walker can be coupled to arbitrary electromagnetic fields as well as general relativistic gravitational fields. This extension will be presented elsewhere. Even larger extensions which include other gauge fields should also be investigated.
Finally, the above results strongly suggest that DTQWs can be used for spintronics and for quantum simulation of condensed matter systems. 
